We show that the aspherical manifolds produced via the relative strict hyperbolization of polyhedra enjoy many group-theoretic and topological properties of open finite volume negatively pinched manifolds, including relative hyperbolicity, nonvanishing of simplicial volume, co-Hopf property, finiteness of outer automorphism group, absence of splitting over elementary subgroups, acylindricity, and diffeomorphism finiteness for manifolds with uniformly bounded simplicial volume. In fact, some of these properties hold for any compact aspherical manifold with incompressible aspherical boundary components, provided the fundamental group is hyperbolic relative to fundamental groups of boundary components.
Introduction
As a motivation we list some topological/group-theoretic properties satisfied by each noncompact complete finite volume Riemannian n-manifold V with −a 2 ≤ sec(V ) ≤ −1.
(1) the universal cover of V is diffeomorphic to R n and V is the interior of a compact manifold N with incompressible boundary, where each component of ∂N is an infranilmanifold [BGS85, Gro78] . (2) π 1 (N ) is hyperbolic relative to the fundamental groups of the components of ∂N . (3) there exist positive constants C 1 = C 1 (n), C 2 = C 2 (n, a) such that C 1 ≥ ||N,∂N || vol(V ) ≥ C 2 [Gro82] , where ||N, ∂N || denotes the relative simplicial volume. (4) if n ≥ 4, then for any C > 0 and a ≥ 1, there exist only finitely many diffeomorphism types of manifolds N with ||N, ∂N || < C such that the interior of N admits a complete finite volume Riemannian metric of −a 2 ≤ sec(V ) ≤ −1 [Bel02, Gro82, Fuk84] .
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(5) if n ≥ 3, then π 1 (N ) does not split nontrivially over an elementary (i.e. parabolic, finite, or virtually-cyclic) subgroup [Bel02] , the group Out(π 1 (N )) is finite [Bel02] , and π 1 (N ) is co-Hopfian, i.e. any injective endomorphism of π 1 (N ) is onto [Bel02, Gro82] .
The above properties also hold for closed negatively curved manifold, after obvious modifications arising from the fact that ∂N is empty, e.g. in this case, π 1 (N ) is hyperbolic. A very different source of closed aspherical manifolds with hyperbolic fundamental group is the strict hyperbolization [CD95] . This procedure has a relative version [DJW01, CD95] (cf. [DJ91, Gro87] ), and the main theme of this paper is the analogy between the aspherical manifolds produced via relative strict hyperbolization, and the open complete finite volume negatively pinched manifolds. Roughly, the relative strict hyperbolization, which is explained in detail in Section 3 is a procedure that takes as the input a pair of finite simplicial complexes (K, L), where L is nonempty, and produces a pair of simplicial complexes (R K , R L ) with the following properties:
• R L is isomorphic to a subdivision of L,
• R K is aspherical if and only if each path-component of L is aspherical;
• R L is incompressible in R K (i.e. no homotopically nontrivial loop in R L is null-homotopic in R K ); • if K is a (triangulated, smooth or PL) manifold with boundary L, then R K is a (respectively, triangulated, smooth or PL) manifold with boundary R L . • the space Z obtained from R K by attaching a cone to each pathcomponent of R L admits a piecewise-hyperbolic locally-CAT (−1) metric.
We emphasize that R K itself carries no obvious locally-CAT (−1) metric, in fact, geometrically, R K looks more like a finite volume negatively pinched manifold with cusps chopped off, with R L corresponding to the union of cusp cross-sections on the boundary. However, negative curvature persists on the group-theoretic level as follows.
Theorem 1.1. If (R K , R L ) is a pair of finite (nonempty) simplicial complexes obtained via relative strict hyperbolization, and L 1 , . . . , L m are all the pathcomponents of R L that have infinite fundamental groups, then π 1 (R K ) is a non-elementary relatively hyperbolic group, specifically, π 1 (R K ) is hyperbolic relative to the subgroups π 1 (L 1 ), . . . , π 1 (L m ). In particular, if each component of R L has finite fundamental group, then π 1 (R K ) is a non-elementary hyperbolic group.
Relatively hyperbolic groups were introduced by Gromov [Gro87] and since then various characterizations of relatively hyperbolic groups have been obtained by Farb [Far98] , Bowditch [Bow] , Yaman [Yam04] , Osin [Osia] , Drutu-Sapir [DS] .
Recently there has been a surge of activity in this subject, and many results about hyperbolic groups have been adapted to the relatively hyperbolic setting. Three basic classes of examples are finite free products (which are hyperbolic relative to the factors), hyperbolic groups (which are hyperbolic relative to the trivial subgroups), and geometrically finite isometry groups of negatively pinched Hadamard manifolds (which are hyperbolic relative to the maximal parabolic subgroups). Finally, any group is hyperbolic relative to itself; we call a relatively hyperbolic group non-elementary unless it is finite, or virtually-Z, or hyperbolic relative to itself. Another major source of examples of relatively hyperbolic groups is the small cancellation theory [Osib] , which typically involves a 2-dimensional construction, such as adding a "sufficiently long" relation to the group. By contrast, Theorem 1.1 allows to construct many higher-dimensional relatively hyperbolic groups. That Theorem 1.1 could be true was suggested in [Gro87, p. 257]. Theorem 1.1 answers a question of Szczepański [Szc02] who proved a weaker result that π 1 (R K ) of Theorem 1.1 is relatively hyperbolic in the sense of Farb, relative to the same collection of subgroups. Goldfarb in [Gol99, Example 5.5] claimed a result that is stronger than Theorem 1.1 (in the special case when R K is an aspherical manifold with boundary R L ), yet he recently acknowledged that his proof is incorrect. I do not know how to prove what he claimed. Theorem 1.1 is proved by a rather straightforward verification of the combinatorial definition of a relative hyperbolic group due to Bowditch, yet it plays the central role in this paper; in fact, all our results here depend on the relative hyperbolicity of π 1 (R K ). We next turn to the case when R K is a compact n-manifold with boundary R L . To emphasize that we are dealing with manifolds, we denote (R K , R L ) by (R, ∂R) and say that R is an n-manifold obtained via relative strict hyperbolization. As was mentioned before, R is aspherical if and only if each component of ∂R is aspherical. We give π 1 (R) the structure of a relatively hyperbolic group given by Theorem 1.1, so that the conjugacy classes of maximal parabolic subgroups bijectively correspond to the components of ∂R that have infinite fundamental group. The property (3) on the list of properties of negatively pinched manifolds can be generalized as follows, where H n (R) denotes the n-dimensional Hausdorff measure of R, and the metric on R is induced by the inclusion R → Z .
Theorem 1.2. There are constants C 1 ≥ C 2 > 0 depending only on n such that if R is a compact n-manifold obtained by the relative strict hyperbolization, then C 1 ≥ ||R,∂R|| H n (R) ≥ C 2 .
As we explain in Section 6, H n (R) is roughly the same as the number of nsimplices in some natural triangulation of R. Since there are only finitely many ways to glue finitely many simplices, we get the following finiteness theorem (which also holds in PL and smooth categories).
Theorem 1.3. For any C > 0, there are only finitely many homeomorphism types of triangulated n-manifolds R obtained by the relative strict hyperbolization and satisfying satisfying ||R, ∂R|| < C .
One immediate implication of Theorem 1.2 is that ||R, ∂R|| > 0, in particular, we conclude that every zero-cobordant closed (triangulated, smooth or PL) manifold bounds a compact (triangulated, smooth or PL, respectively) manifold with positive relative simplicial volume. This statement is only nontrivial if ||∂R|| = 0, because any compact orientable n-manifold M satisfies ||M, ∂M || ≥ ||∂M ||/n, see e.g. [Kue] .
Similarly to the case of closed aspherical manifolds, the positivity of relative simplicial volume has some applications to the co-Hopf property.
Theorem 1.4. If R 1 , R 2 are compact aspherical n-manifolds obtained by relative strict hyperbolization, and φ : π 1 (R 1 ) → π 1 (R 2 ) is an injective homomorphism that maps each maximal parabolic subgroup to a parabolic subgroup, then φ has finite cokernel. If in addition R 1 = R 2 , then φ is onto.
We call a group Γ intrinsically elementary if the image of any injective homomorphism of Γ into a relatively hyperbolic group is elementary (i.e. finite, virtually-Z, or parabolic).
If in Theorem 1.4 all maximal parabolic subgroups of π 1 (R 1 ) are intrinsically elementary, and if R 1 is aspherical manifold of dimension n > 2, then the condition "φ maps each maximal parabolic subgroup to a parabolic subgroup" holds true, so we deduce the following.
Corollary 1.5. If n > 2 and R is a compact aspherical n-manifold obtained by relative strict hyperbolization such that the fundamental group of each component of ∂R is intrinsically elementary, then π 1 (R) is co-Hopfian.
Examples of intrinsically elementary groups include groups with no nonabelian free subgroups [Tuk94] (e.g. fundamental groups of infrasolvemanifolds), groups with finite dimensional second bounded cohomology [Fuj98] (e.g. cocompact irreducible lattices in higher rank Lie groups [BM99a, BM99b] ), and non-Hopfian Kazhdan groups [BS] (see [OW, dC] for examples). Since any infinite elementary group has elementary normalizer, any group that contains an intrinsically elementary infinite normal subgroup is intrinsically elementary. For example, the fundamental group of any fiber bundle with aspherical base and fiber is intrinsically elementary, provided the fiber has intrinsically elementary fundamental groups, and this construction can be iterated since the total space of any such bundle is aspherical. Finally, we turn to a more general situation, and mention a few results that apply to any compact aspherical manifold M such that each component of ∂M is aspherical and incompressible in M , and π 1 (M ) is non-elementary relatively hyperbolic, relative to the fundamental groups of the components of ∂M . First, it is instructive to look at the case when dim(M ) = 3. It turns out that with the above assumptions M must be acylindrical (so that assuming that the Poincaré Conjecture holds, M is hyperbolizable, by the Thurston's hyperbolization theorem). In fact we prove in Section 9 a general "acylindricity" result for maps into any locally compact CW-pair (X, Y ) such that X is aspherical, each path-component of Y is aspherical and incompressible in X , and π 1 (X) is non-elementary relatively hyperbolic, relative to fundamental groups of path-components of Y . The proofs of Theorem 1.4 and Corollary 1.5 generalize to this setting provided ||M, ∂M || > 0. Here is another result that holds in this generality.
Theorem 1.6. Let M be a compact aspherical manifold of dimension > 2 with nonempty boundary ∂M such that each component of ∂M is aspherical and incompressible in M , and π 1 (M ) is non-elementary relatively hyperbolic, relative to the fundamental groups of the components of ∂M . Then (i) π 1 (M ) admits no nontrivial splitting over an elementary subgroup.
(ii) if all maximal parabolic subgroups of π 1 (M ) are slender, then Out(π 1 (M )) is finite and π 1 (M ) is co-Hopfian.
(iii) if H is a relatively hyperbolic group whose parabolic subgroups are slender, then there are only finitely many H -conjugacy classes of injective homomorphisms π 1 (M ) → H .
Recall that a group is called slender (or Noetherian) if each of its subgroup is finitely generated. The class of slender groups is closed under extensions, so e.g. any polycyclic-by-finite group is slender. Other examples of slender groups are Ol'shanskii's 2-generated groups all of whose subgroups are infinite cyclic; there are uncountably many such groups [Ol ′ 91]. All known finitely presented slender groups are polycyclic-by-finite. The structure of the paper is as follows. In Section 2 we review the strict hyperbolization, and then in Section 3 we discuss the relative strict hyperbolization. Theorem 1.1 is proved in Section 4. Section 5 contains background on relative simplicial volume. Section 6 discusses relations between the relative strict hyperbolization and the simplicial volume; Theorems 1.2-1.3 are proved in this section. Section 7 is devoted to applications to the co-Hopf property. Theorem 1.6 on non-existence of elementary splittings is proved in Section 8. In Section 9 we prove general acylindricity results for CW-pairs with relatively hyperbolic fundamental groups. In Section 10 we discuss compact aspherical orientable 3-manifolds whose fundamental group is hyperbolic relatively to fundamental groups of boundary components. Section 11 contains some open problems.
Strict hyperbolization
Following [CD95, Sections 2, 5, 6, 7], [DJ91, Sections 1, 4], and [Dav02, Sections 14, 15], we now review the (non-relative) strict hyperbolization procedure. The procedure takes a finite-dimensional simplicial complex K as an input and produces a piecewise-hyperbolic complex H(K) of the same dimension with the properties described later in the section.
The idea is to give some functorial procedure for hyperbolizing the standard simplex ∆ n for each n, and then define H(K) by gluing together the hyperbolized simplices in the same combinatorial pattern as the simplices of K . More precisely, to make the gluing work we need to specify how each simplex of X gets identified with ∆ n , and this can be achieved e.g. by replacing K with its barycentric subdivision K ′ (see [DJ91, Example 1a.2]), so that there is a simplicial map p : K ′ → ∆ n that is injective on each simplex.
Hyperbolizing ∆ n is more subtle and is actually done in two steps: first an argument of Gromov [Dav02, Section 15] turns ∆ n into a cubical locally CAT (0) piecewise Euclidean n-complex C n which admits a cellular projection C n → n onto the n-cube that maps injectively each cubical k -cell one a k -face of n . Then by [CD95] for each k there exists a compact orientable hyperbolic k -manifold with corners X k whose boundary is build from totally geodesic (k − 1)-submanifolds that intersect orthogonally, and such that the combinatorial structure on the boundary is the same as the one for the k -cube.
Gluing the X k 's according to the combinatorial pattern specified by C n → n gives the hyperbolized cell H(∆ n ), which is a connected, compact, orientable n-manifold with boundary given the structure of a piecewise-hyperbolic cell complex. Furthermore, together with H(∆ n ) one constructs a degree one PLmap h n : (H(∆ n ), ∂H(∆ n )) → (∆ n , ∂∆ n ) such that the preimage of any vertex is a vertex, and the maps define a PL-map h : H(K) → K such that the preimage of any vertex is a vertex. This construction has the following properties.
(1) (Negative curvature) H(K) is locally CAT (−1) piecewise-hyperbolic cell complex.
(2) (Preserving local structure) If v is a vertex of K , then the link of the vertex h −1 (v) is isomorphic via h and a subdivision of the link of v . In fact, one can choose h so that it induces a PL-isomorphism between the small conical neighborhoods of h −1 (v) and v .
(3) (Surjectivity) h induces surjections on integral homology and fundamental groups.
(4) (Functoriality) If i : J → K is an embedding onto a subcomplex, then there is an isometric embedding H(i) :
called locally convex subspaces "totally geodesic").
(5) (Preserving invariants of manifolds) If K is a triangulated manifold, or PL manifold, or a smoothly triangulated smooth manifold, then so is H(K), and h pulls back the rational Pontrjagin classes, and the first Stiefel-Whitney class. (This boils down to the fact that X n is orientable and has trivial rational Pontrjagin classes). In particular, if K is oriented, then so is H(K).
Relative strict hyperbolization
In this section we adapt the discussion [DJW01, Section 2] of the relative (nonstrict) hyperbolization to the strict case.
Let K be a connected finite-dimensional simplicial complex, and let L be a (not necessarily connected) subcomplex of K . Let P be the simplicial complex 
We refer to the pair (R K , R L ) as the relative strict hyperbolization of (K, L).
For future use we note basic properties of the pair (R K , R L ).
is a homeomorphism, contracting along cone directions defines a deformation retraction and a homeomorphism of (h(R K ), h(R L )) onto (K, L).
(B)
The restriction of h to the map R K → h(R K ) is surjective on integral homology and fundamental groups, because h(R K ) deformation retracts onto K and h : H(K) → K is surjective on integral homology and fundamental groups.
(C) The facts C1, C2, C3 below holds for triangulated, PL and smooth manifolds (where in the smooth case one works with smooth triangulations), but we just state all results in PL category; other cases are similar. By [CD95, p 348] and [DJ91, pp 356-357], H(P ) can be identified with φ −1 (0), where φ : P ×X n → R n is the difference of the projections P → n , X n → n , where φ is transverse to 0, and where the restriction of the projection P × X n → P to φ −1 (0) corresponds to the map h : H(P ) → P . Restricting φ to K × X n , we get the map φ : 
(C2) The normal (block) bundle of R K in K × X n → R n is trivial, so that the tangent bundle T R K to R K is stably isomorphic to the restriction of T K×T X n to R K . Since X n is orientable, and has trivial rational Pontrjagin classes, the map h : R K → h(R K ) of compact manifolds pulls back the first Stiefel-Whitney class and the rational Pontrjagin classes.
(C3) If the manifold (K, L) is orientable, then so is (R K , R L ), because h pulls back the first Stiefel-Whitney class.
(D) The facts D1, D2, D3 below are proved in [DJW01, Section 2] for nonstrict relative hyperbolization, and the same proof works verbatim if throughout the proof piecewise-Euclidean complexes are replaced with piecewise hyperbolic complexes.
(D3) If q :R K → R K is the universal cover andR K is the result of attaching the hyperbolic cone to each connected components of q −1 (R L ), thenR K is CAT (−1).
Remark 3.1. Since h * is surjective on homology, h * is injective on rational cohomology, and hence if K is a manifold that has a nontrivial rational Pontrjagin class, R K has the same property. Note that by replacing K with the connected sum of K and a manifold with a nonzero rational Pontrjagin class, one can always arrange that the rational Pontrjagin class of K is nonzero. Also if n ≥ 4, then by attaching handles one can prescribe the fundamental group of K to be any given finitely presented group, so one can arrange that π 1 (R K ) surjects on any given finitely presented group. Thus, by varying K while keeping L fixed, one can produce R K with boundary L and fairly complicated topology. 
Even more generally, the same proof shows the following. Suppose we partition the set {L i } of path-components of L into the disjoint subsets S 1 , . . . , S r , and then attach r cones to K with cone points o k , k = 1, . . . , r , so that the cone with vertex o k is attached over the union of L i 's that belong to S k . Then after applying H , we get a locally CAT (−1) complex with cone points h −1 (o 1 ), . . . , h −1 (o r ), and after removing the cone points we get R K .
Proving relative hyperbolicity
One of the equivalent definitions of a relatively hyperbolic group is due to Bowditch [Bow, Definition 2]. Namely consider a group G with a conjugacy invariant family of finitely generated subgroups P . Then G is Bowditch relatively hyperbolic is G admits an action on a connected fine hyperbolic graph Γ such that each edge has finite stabilizer, there are only finitely many orbits of edges, and elements of P are precisely the stabilizers of vertices of infinite valency.
Here a graph is called fine if for each L > 0 every edge of Γ is contained in only finitely many circuits of length ≤ L. Note that if all vertices of Γ have finite valency (i.e. P is empty), then G is quasi-isometric to Γ and hence G is a hyperbolic group.
Proof of Theorem 1.1. Since R L is a subdivision of a finite complex L, we know that R L has finitely many (connected) components L i , i = 1, . . . , r , where we assume that π 1 (L i ) is infinite if and only if i = 1, . . . , m where m ≤ r . Each inclusion L i → R K is π 1 -injective hence it defines a conjugacy class of subgroups of G := π 1 (R K ) which are isomorphic to π 1 (L i ), and let H i be a subgroup in the conjugacy class. Let P be the union of conjugacy classes that contain infinite H i 's. We need to show that G is hyperbolic relatively to P , and that G is nonelementary. Look at G-action on the universal cover q :R K → R K . Conjugates of H i are in one-to-one correspondence with components of q −1 (L i ), namely, each subgroup conjugate to H i is the stabilizer of some components of q −1 (L i ). These components are simply-connected since each inclusion L i → R K is π 1 -injective. Now for every i we attach a hyperbolic cone [BH99, Section I.5] along each component of q −1 (L i ), denote the result byR K , and let G acts isometrically and simplicially onR K in the obvious way so that every conjugate of H i fixes the vertex of the corresponding cone. Repeating an argument in [DJW01, Section 2], we see thatR K is CAT (−1), in particular,R K is a hyperbolic metric space.
Denote by Γ the 1-skeleton ofR K and check that the G-action on Γ satisfies the Bowditch'es definition of relative hyperbolicity. Since Γ is quasi-isometric toR K , the graph Γ is hyperbolic. Since K and L are finite complexes, each H i is finitely generated, and Γ has only finitely many orbits of edges. By construction, elements of conjugacy classes of H i 's correspond bijectively to cone points. The cone points are the only vertices that can have nontrivial stabilizers, so since no edge joins two cone points, each edge has trivial stabilizer. Now we check that Γ is fine, which is the only part of the proof that is really new. By [Bow, Proposition 2.1(F5)] it suffices to show that for each vertex v , any infinite set of vertices that are adjacent to v is unbounded in the induced metric on Γ \ {v}. The only vertices that can have infinitely many adjacent ones are the cone points stabilized by some subgroup in P , so we can assume that v is one of such cone points, and denote the corresponding hyperbolic
S be an infinite set of vertices adjacent to v , and arguing by contradiction, assume that S is bounded in Γ \ {v}, or equivalently that S is bounded in
in particular, it does not increase the lengths of curves, and hence any bounded subset of Γ \Int(C v ) projects to a subset of ∂C v that is bounded in the induced metric on ∂C v . Since the retraction restricts to the identity on S , we conclude that S is bounded in the induced metric on ∂C v , and since S is discrete, it must be finite, which is a contradiction.
Finally, we show that π 1 (R K ) is non-elementary. If π 1 (R K ) equals to a parabolic subgroup, then H(P ) is simply-connected, and if π 1 (R K ) is finite or virtually-Z, then so is π 1 (H(P )). (Recall that H(P ) is R K with cone attached over R L ). Take a 2-simplex σ 2 in P . By functoriality H(σ 2 ) is a locally convex subset of H(P ). Therefore, by [BH99, Proposition II.4.14] the inclusion H(σ 2 ) → H(P ) is π 1 -injective, so we conclude that π 1 (H(σ 2 )) is finite or virtually-Z. On the other hand, H(σ 2 ) is a compact surface with boundary of negative Euler characteristic, so its fundamental group is free noncyclic. 
Simplicial volume basics
Here we review the properties of simplicial volume that are relevant to what we are going to do next. We refer to [Gro82, BP92] for details. The complex C * (X) of (singular real-valued) chains on a topological space X has a natural l 1 -norm given by || s i=1 r i σ i || = s i=1 |r i |. This norm gives rise to a pseudonorm on the homology of X , namely ||h|| = inf{||z|| : h = [z]}, i.e. the pseudonorm of a homology class h is the infimum of the norms of the cycles representing h. More generally, for a pair of spaces (X, Y ) the relative chain complex C * (X, Y ) = C * (X)/C * (Y ) has the quotient l 1 -norm, and the infimum of the norms of the cycles representing a relative homology class is the a pseudonorm on H * (X, Y ). 
Hyperbolization and simplicial volume
Let K be a triangulated compact oriented n-manifold with boundary L. To avoid trivialities we assume n ≥ 2. Denote by s = s(K) the number of simplices in the triangulation of X . Let R be the the compact oriented n-manifold with boundary ∂R produced via relative strict hyperbolization of (K, L). The goal of this section is to show that
for some positive constants C 1 (n), C 2 (n) depending only on n.
Let Z = R/∂R, let q : R → Z be the quotient map, and let S = q(∂R). As before X n denotes the compact hyperbolic manifold with corners constructed in [CD95] that is used as a building block in the strict hyperbolization. If Z is built from N copies of X n , then clearly H n (Z) = N · Vol(X n ). It follows from the definition of strict hyperbolization that s ≤ N ≤ C(n)s where C(n) is a constant that only depends on n. This estimate combined with Proposition 6.1 below yields Theorem 1.2. Proposition 6.1. There exist constants C 1 (n) ≥ C 2 (n) > 0 depending only on n such that C 1 (n)s ≥ ||R, ∂R|| ≥ ||Z, S|| ≥ ||Z|| n+2 ≥ (n−1)! π(n+2) H n (Z) ≥ C 2 (n)s.
Proof. Triangulate X n , look at the induced triangulation of Z , and furthermore pass to the second barycentric subdivision of Z , so that R is homeomorphic to Z with the open star of each cone vertex removed. Note that the number of n-simplices of the triangulation of R is at most the number of simplices in the triangulation of Z that we just constructed, which is ≤ s · C 1 (n) where C 1 (n) is some constant depending only on n.
The fundamental class [R, ∂R] is represented by a cycle in which each n-simplex of the above triangulation enters only once. This gives the first inequality ||R, ∂R|| ≤ s · C 1 (n). Since the simplicial norm does not increase under continuous maps, we get the second inequality: ||R, ∂R|| ≥ ||q * [R, ∂R]|| = ||Z, S||. Let i # , j # be the chain maps induced by i, j in the short exact sequence of complexes
Since C * (Z, S) carries the quotient norm, ||Z, S|| is the infimum of ||c|| where c is an n-chain in Z and j # (c) is a cycle that represents [Z, S]. Note that c need not be a cycle in C n (Z). The strategy of the proof is to modify c into a cycle c ′ such that j # (c ′ ) still represents [Z, S], and ||c ′ || ≤ (n + 2)||c||; then we would get ||Z|| ≤ ||c ′ || ≤ (n + 2)||c|| which gives the third inequality after taking infimum over all c's.
The cycle c ′ produced after an elementary diagram chase which we present below. Since j # is a chain map, j # ∂(c) = ∂j # (c) = 0, hence ∂c ∈ ker(j # ) = Im(i # ), and so ∂c = i # e for some e ∈ C n−1 (S). Write e = sǫ n−1 where s ∈ R, and ǫ k : ∆ k → S is the unique singular k -simplex with image S . Now i # ∂(e) = ∂i # (e) = ∂∂c = 0, so by injectivity of i # we get ∂e = 0. Since H n−1 (S) = 0, the cycle e is the boundary of some chain f = tǫ n ∈ C n (S), so that sǫ n−1 = t∂ǫ n . Since ∂i
To compute f notice that ∂ǫ n α = 0 if n is odd, and ∂ǫ n α = ǫ n−1 α if n is even. Thus if n is odd, then ∂ : C n (S) → C n−1 (S) is the zero map, so that 0 = ∂c = i # e which implies e = 0, and therefore we may take f = 0. If n is even, then sǫ n−1 = e = ∂f = t∂ǫ n = tǫ n−1 , i.e. s = t, and therefore in either case ||e|| = ||f ||. Also since i # is norm-preserving, ||i # f || = ||f || and ||∂c|| = ||i # e|| = ||e||, thus all these chains have equal norms. Therefore,
where the last inequality follows from the estimate ||∂c|| ≤ (n + 1)||c|| coming from the definition of the boundary homomorphism. Taking infimum over all c's we get ||Z|| ≤ (n + 2) · ||Z, S||.
The fourth inequality follows by a result of Yamaguchi [Yam97] who, using Thurston's straightening as in [Gro82] , proved the bound when Z is a compact locally-CAT (−1) geodesically complete orientable pseudomanifold. That Z is geodesically complete follows as in [BH99, Proof of Proposition II.5.12] because the local n-homology group is nontrivial at each point of Z .
The fifth inequality follows because H n (Z) = N · Vol(X n ) ≥ s · Vol(X n ) by letting C 2 (n) = Vol(X n ).
Remark 6.2. If (R, ∂R) is a nonorientable compact manifold obtained via relative strict hyperbolization, we still get the estimate C 1 (n)s ≥ ||R, ∂R|| ≥ C 2 (n)s, for some C 1 (n) ≥ C 2 (n) > 0. Indeed, letŘ be the orientable 2-fold cover of R; this is a manifold with boundary with a natural triangulation that is pulled backed from R. IfŽ is the space obtained by attaching a cone to each component of ∂Ř, thenŽ is locally-CAT (−1) (see the proof of [DJW01, Lemma 2.6]). Then the proof of Proposition 6.1 applies toŘ andŽ , so we get the above estimates for ||Ř, ∂Ř||, and hence for ||R, ∂R||, perhaps for some other C 1 (n), C 2 (n). Remark 6.3. Proposition 6.1 immediately implies Theorem 1.3 because there are only finitely many ways to glue finitely many simplices. The same is true in smooth category by using smooth triangulations, and smooth relative hyperbolization.
Remark 6.4. Since the relative simplicial volume is invariant under homotopy equivalences of pairs, Theorem 1.3 gives a finiteness result for manifolds pairs obtained by relative strict hyperbolization that are in the same homotopy type. Furthermore, if R, R ′ are homotopy equivalent manifolds obtained by relative strict hyperbolization, and each component of ∂R is aspherical and has intrinsically elementary fundamental group, then there is homotopy equivalence of pairs (R, ∂R) → (R ′ , ∂R ′ ) (see the proof of Theorem 7.1). Hence we deduce the following corollary which also holds in the smooth category.
Corollary 6.5. Every homotopy type contains at most finitely many pairwise PL-non-homeomorphic aspherical n-manifolds R obtained by the relative strict hyperbolization and such that each component of ∂R has intrinsically elementary fundamental group.
Co-Hopf property
In this section we prove is a slight generalization of Theorem 1.4 stated in Section 1.
Theorem 7.1. If R 1 , R 2 are compact aspherical n-manifolds obtained by relative strict hyperbolization, and φ : π 1 (R 1 ) → π 1 (R 2 ) is an injective homomorphism that maps each maximal parabolic subgroup to a parabolic subgroup, then φ has finite cokernel. If in addition ||R 1 , ∂R 1 || ≤ ||R 2 , ∂R 2 ||, then φ is induced by a homotopy equivalence of pairs (R 1 , ∂R 1 ) → (R 2 , ∂R 2 ), so that φ is onto.
Proof. Denote the image of φ byĜ, and look at theĜ-action on the universal coveringR 2 of R 2 . To prove that φ has finite cokernel, we need to show that
Let H 1 , . . . , H k are maximal parabolic subgroups of π 1 (R 1 ) which are in oneto-one correspondence with path-components Q 1 , . . . , Q k of ∂R 1 . Since the group φ(H i ) is parabolic, it stabilizes a path-componentỸ i of ∂R 2 . In fact φ(H i ) acts cocompactly onỸ i , else the cohomological dimension of H i would be < n − 1. Each closed aspherical manifoldŶ i :=Ỹ i /φ(H i ) is an incompressible boundary component ofR 2 , for ifŶ i were compressible, so would be its projection to R 2 . A priori ∂R 2 could have components other thanŶ i 's. To see that this does not happen, we doubleR 2 along the union of Y i 's. The result is an aspherical manifoldD 2 , which has empty boundary if and only if ∂R 2 is the union of Y i 's. The fundamental group ofD 2 is isomorphic to the fundamental group of the double DR 1 of R 1 along ∂R 1 , henceD 2 and DR 1 are homotopy equivalent. So by looking at top-dimensional Z 2 -homology, we get H n (D 2 ; Z 2 ) ∼ = H n (DR 1 ; Z 2 ) ∼ = Z 2 , which implies thatD 2 is a closed manifold, and in particularR 2 is a compact manifold and ∂R 2 is the union ofŶ i 's. This proves that φ has finite cokernel.
Next we show that φ induces a homotopy equivalence of pairs (R 1 , ∂R 1 ) → (R 2 , ∂R 2 ). The proof relies on the following standard result which can be found e.g. in [Spa81, Theorem 8.1.9]: given connected CW-complexes (X, x), (Y, y) where Y is aspherical, there is a natural bijective correspondence between homotopy classes of maps X → Y and the conjugacy classes of the induced homomorphisms π 1 (X, x) → π 1 (Y, y).
SinceR 2 is aspherical, φ induces a homotopy equivalence f : R 1 →R 2 , as well as homotopy equivalences f i : Q i →Ŷ i , where f i and f |Q i are homotopic for each i = 1, . . . , k . One can use the homotopy of f i and f |Q i to modify f on a collar neighborhood of ∂R 1 so that we get a map of pairs f : (R 1 , ∂R 1 ) → (R 2 , ∂R 2 ) that induces φ, and equals to f i when restricted to Q i . The same argument applied to a homotopy inverse of f yields a map of pairs g : (R 2 , ∂R 2 ) → (R 1 , ∂R 1 ) inducing φ −1 . The composition g • f induces the identity on π 1 (R 1 ) and on each H i . In particular, g • f is homotopic to the identity as a selfmap of R 1 , and each Q i . Yet we need a stronger conclusion that g • f is homotopic to the identity as a selfmap of (R 1 , ∂R 1 ). As before, we modify g • f on a collar neighborhood of ∂R 1 so that g • f becomes a selfmap of (R 1 , ∂R 1 ) that restricts to the identity of ∂R 1 . Now by a standard fact [Hat02, Proposition 0.19], g • f is homotopic to the identity rel ∂R 1 . The same argument applies to f • g . Thus f is a homotopy equivalence of pairs. Now we are ready to show that φ is onto provided ||R 2 , ∂R 2 || ≥ ||R 1 , ∂R 1 ||. There are three cases to consider as follows.
If R 2 is orientable, then so isR 2 . Since any homotopy equivalence of pairs preserves the Stiefel-Whitney classes [Spa81, Theorem 6.10.7], R 1 is orientable. Furthermore, homotopy equivalent pairs have equal relative simplicial volumes: ||R 1 , ∂R 1 || = ||R 2 , ∂R 2 ||. Finally, sinceR 2 → R 2 is a finite cover of degree |G :Ĝ|, we get ||R 2 , ∂R 2 || ≥ |G :Ĝ| · ||R 2 , ∂R 2 ||. Combining this information, we get ||R 1 , ∂R 1 || ≥ |G :Ĝ| · ||R 1 , ∂R 1 || which forces |G :Ĝ| = 1, because ||R 1 , ∂R 1 || > 0 by Theorem 1.2.
If R 2 andR 2 are not orientable, then the covering q :R 2 → R 2 does not factor through the orientation two-fold cover R ′ 2 → R 2 , so the q -pullback of R ′ 2 → R 2 is a certain two-fold cover overR 2 , which is orientable, because it is a cover of R ′ 2 . Since the orientation two-fold cover of a manifold is unique, the twofold cover overR 2 defined in the previous sentence has to coincide with the orientation coverR ′ 2 →R 2 . Thus q lifts to a map of the orientation two-fold covers q ′ :R ′ 2 → R ′ 2 . Again by [Spa81, Theorem 6.10.7], the non-orientability ofR 2 implies that R 1 is not orientable and that f lifts to the homotopy equivalence f ′ : (R ′ 1 , ∂R ′ 1 ) → (R ′ 2 , ∂R ′ 2 ) of the two-fold orientation covers of (R 1 , ∂R 1 ) and (R 2 , ∂R 2 ). Now the argument of the previous paragraph applied to R ′ 1 ,R ′ 2 , R ′ 2 , implies that q ′ is one-to-one, and hence so is q . Finally, if R 2 is not orientable, whileR 2 is orientable, then the covering q :R 2 → R 2 factors through the orientation two-fold cover R ′ 2 → R 2 . Since the coveringR 2 → R ′ 2 has degree |G :Ĝ|/2, we conclude that ||R 2 , ∂R 2 || ≥ ||R ′ 2 , ∂R ′ 2 || · |G :Ĝ|/2 = ||R 2 , ∂R 2 || · |G :Ĝ|, where the last equality holds since ||R ′ 2 , ∂R ′ 2 || = 2||R 2 , ∂R 2 ||. Now the argument is concluded as in the case when R 2 is orientable.
Proof of Corollary 1.5. The claim follows immediately from Theorem 7.1 by taking R 1 = R = R 2 , because if φ is an injective endomorphism of π 1 (R), then the φ-image of any maximal parabolic subgroup is parabolic. Indeed, it has to be elementary because it is intrinsically elementary, and it cannot be finite or virtually-Z as each component of ∂R is a closed aspherical manifold of dimension > 1.
No splitting over elementary subgroups and applications
Proof of Theorem 1.6. The assertion of (i) was proved in [Bel02, Section 3] in case M is negatively pinched, and the same proof works verbatim if one replaces "virtually nilpotent" by "elementary" throughout the proof. There is one more point that is worth explaining: in [Bel02, Lemma 3.1] (that is essentially due to Bowditch) we needed the fact that any maximal parabolic subgroup of π 1 (M ) is one-ended. This holds in the setting of Theorem 1.6 because any maximal parabolic subgroup is the fundamental group of a component of ∂M , which is a closed aspherical manifold of dimension > 1, and any such group is one ended, as can be seen via a Mayer-Vietoris argument in group cohomology. The assertions (ii), (iii) follow from (i) by [BS, Section 3].
Remark 8.1. In the case M is negatively pinched, the part (i) of Theorem 1.6 could be also deduced from results of Bowditch that relate the existence of splittings with absence of cut points on the boundary, and this depends on the facts that the Bowditch boundary of π 1 (M ) is the (n − 1)-sphere in the negatively pinched case. Bowditch'es argument is much more conceptual. Unfortunately, it does not work in the generality of Theorem 1.6, because in general we know nothing about the Bowditch boundary of π 1 (M ).
Spaces of maps and acylindricity
A basic property of a torsion-free relatively hyperbolic group is that any two maximal parabolic subgroups have trivial intersection. Since being parabolic is preserved under conjugacy, this gives some restrictions on conjugacy classes of parabolic subgroups. In this section we recast these restrictions in purely topological terms.
One application is that if M be a compact aspherical 3-manifold such that each component of ∂M is aspherical and incompressible, and π 1 (M ) is hyperbolic relatively to fundamental groups of components of ∂M , then M is acylindrical.
In fact, we deal with a much more general situation where instead of (M, ∂M ) we consider a CW-pair (X, Y ) such that • X is aspherical and locally compact, • each path-component of Y is aspherical and incompressible in X , • the group π 1 (X) is non-elementary relatively hyperbolic, relative to fundamental groups of path-components of Y . Proof of Corollary 9.3. Since X is aspherical, it is path-connected, hence if f : Z → B is null-homotopic, then f can be homotoped in X to the constant map onto any given point of X . Conversely, arguing by contradiction assume f is not null-homotopic, and take g ∈ C(Z, X; f ) with image in Y \B . Thus there is a path in C(Z, X; f ) joining f and g , and since the endpoints of the path lie in C(Z, Y ; f ), Proposition 9.1 and Remark 9.2, imply that this path can be homotoped through paths joining f , g to a path lying in C(Z, Y ; f ). Since f (Z) ⊂ B , and since B is a component of Y , we conclude that g(Z) ⊂ B , which is a contradiction. If Z is finite-dimensional, the weak homotopy type of these spaces can be seen from the following result of Gottlieb (see [Han81] ).
Theorem 9.6. (Gottlieb) If h : K → J is a map of connected CW-complexes where K is finite-dimensional and J is locally compact aspherical, then the space C(K, J, h) is aspherical and its fundamental group is isomorphic to the centralizer of f * π 1 (K) in π 1 (J).
Remark 9.7. To use Gottlieb's result in our situation note that if H is an infinite parabolic subgroup of a relatively hyperbolic group G, and if P is the maximal parabolic subgroup that contains H , then the centralizer of H in G coincides with the centralizer of H in P . (This can be easily seen by thinking of G as a convergence group acting on the Bowditch boundary of G). Of course, the centralizer of H in P contains the center of P , and it coincides with the center of P if H = P .
Example 9.8. If Z = B and f is the inclusion, then the fundamental group of the aspherical space C(Z, Y, f ) is isomorphic to the center of π 1 (Z).
Remark 9.9. Gottlieb's result shows that Proposition 9.1 generally fails if f is null-homotopic. Indeed, since any group centralizes the trivial subgroup, the fundamental groups of the aspherical spaces C(Z, Y, f ) = C(Z, B; f ) and C(Z, X; f ) are π 1 (B) and π 1 (X), respectively.
Proof of Proposition 9.1. Denote byỸ the preimage of Y under the universal covering p :X → X . Since components of Y are aspherical and incompressible, the components ofỸ are contractible. The identification of π 1 (X) and the automorphism group of the covering p can be chosen to induce a one-toone correspondence between the stabilizers in π 1 (X) of components ofỸ (or equivalently, the maximal parabolic subgroups of π 1 (X)), and the subgroups of π 1 (X) conjugate to the fundamental groups of the components of Y .
Fix an arbitrary path-componentB of p −1 (B), and denote by P the stabilizer ofB in π 1 (X). Since π 1 (X) is torsion-free and relatively hyperbolic, any two maximal distinct parabolic subgroups have trivial intersection. In particular, no element of P can stabilize two distinct components ofỸ . Hence the only non-contractible component ofȲ :=Ỹ /P isB :=B/P , which is projected homeomorphically to B by the covering projectionp :X → X , whereX := X/P . SinceX andB are aspherical CW-complexes, and the inclusionB →X is a π 1 -isomorphism, this inclusion is a homotopy equivalence. Since (X,B) is a CW-pair, it has the homotopy extension property, so there is a deformation retraction F t :X →B .
For the rest of the proof by a "map" we always mean a "continuous map". To see that (C(Z, X; f ), C(Z, Y ; f )) is ∞-connected, by [Whi78, Lemma II.3.1], we need to show that every map
can be homotoped rel S k into C(Z, Y ; f ). Since C(Z, Y ; f ), C(Z, X; f ) are path-connected, we may assume k + 1 > 0. Fix a basepoint * ∈ S k . Since X is locally-compact, H gives rise to a map h : D k+1 × Z → X that takes S k × Z to Y and whose restriction to * × Z is a map in C(Z, Y ; f ) = C(Z, B; f ).
Since D k+1 is simply-connected, h lifts toh : D k+1 ×Z →X , whose restriction to * × Z is a map in C(Z,B;f ), wheref : Z →B ⊂X be the unique lift of f toB . If k > 0, then S k × Z is path-connected, and soh(S k × Z) lies inB . Thenp • F t •h is a homotopy rel S k × Z from h to a map with image in B .
If k = 0, and * = 0 ∈ {0, 1}, thenh : [0, 1] × Z →X is a homotopy between the maps which we denoteh 0 ,h 1 whereh 0 lies in C(Z,B;f ). The image ofh 1 lies inp −1 (B), because it projects to B . If the image ofh 1 were in a contractible component of p −1 (B), thenh 1 would be null-homotopic inX , and sof would be null-homotopic inB which contradicts the assumption. Thus the image ofh 1 lies inB , and againp • F t •h is a homotopy rel S k × Z from h to a map with image in B .
Thus H is always homotopic rel S k to a map with image in C(Z, Y ; f ), as promised.
Three-dimensional case
We refer to [Kap01, Chapter 1] for standard notions and results of 3-dimensional topology. In this section we take a closer look at the 3-manifolds with relatively hyperbolic fundamental group. More precisely, let M be a compact, orientable, aspherical 3-manifold such that each component of ∂M is incompressible in M , and π 1 (M ) is a non-elementary relatively hyperbolic, relative to the fundamental groups of the components of ∂M . (We need not assume that the components of ∂M are aspherical, because this comes for free, indeed since M is aspherical, each component of ∂M has nonpositive Euler characteristic [Kap01, page 1]). Theorem 1.6 implies that π 1 (M ) does not split nontrivially over a virtually abelian subgroup, Out(π 1 (M )) is finite, and π 1 (M ) is co-Hopfian. Since we are mostly interested in the properties of the pair (M, ∂M ) up to homotopy equivalence of pairs, we might as well assume that M contains no fake 3-disks. Indeed, if M ′ is obtained from M by replacing all the fake 3disks of M (of which there are at most finitely many as follows from the prime decomposition) by the standard 3-disks, then there is a homotopy equivalence (M, ∂M ) → (M ′ , ∂M ′ ) that is the identity outside the union of all the fake 3-disks. Of course, the Poincaré Conjecture predicts that M = M ′ . By Theorem 1.6, the group π 1 (M ) is freely indecomposable, so the assumption that M contains no fake 3-disks, implies that M is irreducible. Since M has nonempty boundary, M is Haken. By Example 9.4, M is acylindrical. Since π 1 (M ) is non-elementary relatively hyperbolic, it is not virtually abelian, which excludes various special cases e.g. M is not an I -bundle over the torus or the Klein bottle, or that M is not contractible. Since any Z × Z subgroup of a relatively hyperbolic group must be parabolic, M is atoroidal. We are now in position to apply Thurston's hyperbolization theorem [Kap01, Theorem 1.43] saying that M is homeomorphic to the convex core of a geometrically finite Kleinian group whose maximal parabolic subgroups correspond to the boundary tori of M . Thus the universal cover of M is a homeomorphic to a convex subset of the hyperbolic 3-space, which in turn is homeomorphic to R 3 . Being a finitely generated linear group (in fact a discrete subgroup of PSL(2, C)), π 1 (M ) is residually finite, and hence Hopfian. Finally, we discuss the special case when M is a 3-manifold obtained via relative strict hyperbolization, i.e. M = R. To date I am unable to prove that R contains no fake 3-cell, or equivalently that the universal cover of R is R 3 . If this is true, then R is hyperbolizable by above. However, the acylindricity of R, and the finiteness of diffeomorphism types of R's under the upper bound on ||R, ∂R|| show that the 3-manifolds obtained by relative strict hyperbolization are rare among the hyperbolizable ones.
Questions and remarks
Throughout this section R is an aspherical manifold of dimension n > 2 obtained by the relative strict hyperbolization. This section continues the main theme of this paper that in various ways R is a close cousin of open complete finite volume negatively pinched manifolds.
An important (and mysterious) invariant of a relatively hyperbolic group is the Bowditch boundary, which generalizes both the ideal boundary of a hyperbolic group, and the limit set of a geometrically finite isometry group of a negatively pinched Hadamard manifold. Any relatively hyperbolic group G acts on its Bowditch boundary as a geometrically finite convergence group whose maximal geometrically parabolic subgroups are exactly the maximal parabolic subgroups of G. In fact, Yaman [Yam04] characterized relatively hyperbolic groups as geometrically finite convergence groups, generalizing a similar characterization of hyperbolic groups due to Bowditch.
For the fundamental groups of complete finite volume negatively pinched manifolds the Bowditch boundary is a sphere, so one could ask the following.
Question 11.1. What is the Bowditch boundary of π 1 (R)? Is it ever a sphere? Is it a sphere when the maximal parabolic subgroups are virtually nilpotent?
The very definition of relative strict hyperbolization implies that any zerocobordant closed manifold with aspherical path-components can be realized as ∂R, thus one always can prescribe the topology of "cusps".
The same problem for open complete finite volume negatively pinched manifolds, to determine which infranilmanifolds occur as cusp cross-sections, is wide open. It is even unknown how to build manifolds with any given number of cusps, e.g. there seem to be no examples with exactly one cusp. There has been some progress only for locally symmetric manifolds in which case some obstructions were found [LR00, LR02, McR04], e.g. there exists a closed flat 3-manifold that cannot occur as a cusp cross-section of a real hyperbolic finite volume 4-manifold. On the other hand, by [BK] every infranilmanifold can be realized as a cusp cross-section of a complete negatively pinched metric of infinite volume.
Question 11.2. Is the universal cover of R homeomorphic to R n ?
If dim(R) = 3, the affirmative answer to Question 11.2 would follow if the Poincaré conjecture holds, but of course one wants to give a direct proof. In higher dimensions one expects a negative answer.
Question 11.3. Does the Relative Borel Conjecture hold for R?
Recall that the Relative Borel Conjecture asserts that any homotopy equivalence of compact manifolds f : M → R that restricts to a homeomorphism ∂M → ∂R must be homotopic, relative to the boundary, to a homeomorphism. This conjecture has been proven for open complete finite volume negatively pinched manifolds of dimensions ≥ 5 by Farrell and Jones [FJ98] . In dimensions ≥ 5, the Relative Borel Conjecture is equivalent to the conjecture that Wh(π 1 (R)) vanishes, and the L-theory assembly map that appears in the surgery exact sequence is an isomorphism for π 1 (R) (see e.g. [Dav00] ). It is worth mentioning that the absolute version of the Borel Conjecture (in which R has empty boundary) is still open in the case when R is a closed aspherical manifold obtained via (non-relative) strict hyperbolization.
Question 11.4. Is any homotopy equivalence R 1 → R 2 of manifolds obtained via relative strict hyperbolization homotopic to a homeomorphism? This is what happens in dimension 3 for irreducible R 1 , R 2 because by Johannson homeomorphism theorem any homotopy equivalence of Haken, acylindrical, irreducible manifolds is homotopic to a homeomorphism. The "acylindrical" assumption is crucial, in fact, there are examples of homotopy equivalent compact hyperbolic 3-manifolds with totally geodesic non-homeomorphic boundaries [CM04, Example 1.4.5]. In higher dimension, one may expect a negative answer however I have no counterexamples. On the other hand, one could expect a positive answer if each component of ∂R satisfies the Borel Conjecture and has intrinsically elementary fundamental group. There are several variations of Question 11.4. First, in the spirit of the Relative Borel Conjecture one could insist that the homotopy equivalence R 1 → R 2 restricts to homeomorphism on the boundaries, and then ask for a homotopy to a homeomorphism, relative to the boundary. This problem may be easier than Question 11.3 because both R 1 , and R 2 have geometric origin. However, in the generality of Question 11.4 it is unclear why ∂R 1 , ∂R 2 should even be homeomorphic, so one could ask an easier question: is any homotopy equivalence R 1 → R 2 of manifolds obtained via relative strict hyperbolization homotopic to a homotopy equivalence of pairs (R 1 , ∂R 1 ) → (R 2 , ∂R 2 )? It is better to restate it as a group theoretic question.
Question 11.5. Does every automorphism of π 1 (R) maps maximal parabolic subgroups to maximal parabolic subgroups?
A similar question could be asked for injective endomorphisms, which is related to the co-Hopf property for π 1 (R) by Theorem 7.1.
Question 11.6. Is π 1 (R) always co-Hopf ?
The assumption in Theorem 1.6 that all parabolics are slender is an artifact of the (tree-theoretic) proof, so one could ask the following.
Question 11.7. Is Out(π 1 (R)) finite?
Finally, almost any open problem on relatively hyperbolic groups can be tested on π 1 (R) perhaps with appropriate assumptions on parabolics, and this could be actually easier that doing the same for finite volume negatively pinched manifolds.
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